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Abstract 

The notion of microsupport and regularity for ind-sheaves was in- 
troduced by M. Kashiwara and P. Schapira in 0]. In this paper we 
study the behaviour of the microsupport under several functorial ope- 
rations and characterize "microlocally" the ind-sheaves that are regular 
along involutive manifolds. As an application we prove that if a cohe- 
rent 2?-module M. is regular along an involutive manifold V (in the 
sense of 0), then the ind-sheaf of temperate holomorphic solutions of 
M. is regular along V. Another application is the notion of microsup- 
port for sheaves on the subanalytic site, which can be given directly, 
without using the more complicated language of ind-sheaves. 
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Introduction 





Let X be a real manifold and k a field. In jS] M. Kashiwara and P. 
Schapira gave a new perspective of sheaf theory with the introduction of the 
notion of microsupport. The microsupport SS(F) of a sheaf F of k-vector 
spaces on a manifold X is a closed conic subset of the cotagent bundle T*X 
to X, describing the directions of non propagation for F. 

Later, motivated by the fact that various objects in Analysis cannot 
be treated with sheaf theoretical methods, such as functions with growth 
conditions, the category of sheaves was enlarged to that of ind-sheaves and 
a corresponding notion of microsupport was introduced in 0]. Since this 
notion coincides with the classical one for sheaves on X, it is natural to 
ask if the functorial properties of the microsupport of classical sheaves still 
hold for ind-sheaves. Our aim in this paper is to study the behaviour of 
the microsupport under direct image of closed embeddings, smooth inverse 
images and RIhom(-, •). For R2hom(-, •) we were only able to treat the 
functor Rlhom(q2 1 (-),q[(-)), where q\ and q2 denote the first and second 
projection defined on X x Y. 

In [I], the authors gave an example showing that the estimate 

SS(RHom{G,F)) c S S (F)+ S S (G) a , 

proved for classical sheaves, doesn't work for ind-sheaves. This fact mo- 
tivated the definition of regularity for ind-sheaves. In this paper, we also 
study this notion, characterizing "microlocally" the ind-sheaves that are re- 
gular along involutive manifolds. More precisely, we show the following: 
Let D b (l(kx)) be the bounded derived category of I(kx), the category of 
ind-sheaves on X, p an element of the cotagent bundle ir : T*X — > X and 
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D b (I(kx',p)) the localization of D b (I(kx)) by the subcategory of objects F 
such that p £ SS(F). Let / : Y — > X be a morphism of manifolds. When 
/ is a closed embedding and p belongs to the conormal bundle TyX to 
Y in X, then F G D (I(kx)) is regular along 7r _1 (Y) at p if and only if 
F ~ i?j*G in D b (I(kx;p)), for some G G Z? b (I(ky)). When / is smooth and 
p e Y x x T*X, identifying Y x x T*X with a submanifold of T*Y, then 
G G D b (I(ky)) is regular along F Xx F*X at p if and only if G ~ / _1 F in 
F fe (I(ky;p)), for some F G D b (I(k x )). 

Let X be a complex manifold and let O x denote the ind-sheaf of tem- 
perate holomorphic functions on X. When Ai is a coherent X>x- m odule 
regular along an involutive manifold V, in the sense of 0, we prove that 
the ind-sheaf Sol t (M) := I&homp x (p x \([3x(M),O x ) is regular along V". 
Moreover, when F is an M-constructible sheaf, we may use the language of 
ind-sheaves to give an alternative (and easy) proof of the estimate 

SS(RHom Vx {M,thom(F,O x )) C V+SS(F) a , 

given in [Sj. 

Among all ind-sheaves, the ind-objects of the category of R-constructible 
sheaves are particularly interesting, since they may be constructed using 
Grothendieck topologies. Let Modj|_ c (kx) denote the category of M-cons- 
tructible sheaves with compact support. In 3f was given an equivalence 
between the category JR — c(kx) = Ind(Modjjj_ c (kx)) with the category 
Mod(kx sa ) of sheaves on the subanalytic site X sa associated to X. On the 
other hand, the natural exact functor 2 : IR — c(kx) induces an 

equivalence of triangulated categories X : D h {WL — c(kx)) — ► D b R _ c (I(kx)), 
where D b R _ c (l(hx)) denotes the full subcategory of D b (l(hx)) consisting 
of objects with cohomology in IR — c(kx) (see (Sj). Therefore, identifying 
D b (k Xsa ), the derived category of Mod(k Xs J, with D b (lR - c(k x )), there is 
a natural way to introduce the notion of microsupport for sheaves on X sa , 
setting 

SS(F) = SS(1(F)), 
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for all F G Mod(kx sa )- In this paper we also translate this definition of 
microsupport into several equivalent conditions free of the so complicated 
language of ind-sheaves. We apply to sheaves on X sa our results on the 
functorial properties of the microsupport of ind-sheaves and prove the esti- 
mate: 

SS{KHom{q2 1 G,(} x F)) C SS(F) x SS{G) a , 

for F € D b (kx sa ) and G G D b (k.Y sa ), qi and q2 denoting the first and second 
projection defined on X x Y. 

We thank P. Schapira who suggested us to study these problems and to 
T. Monteiro Fernandes for useful discussions through the preparation of this 
work. 

2 Notations and review 

We will mainly follow the notations in [3] and [Sj. In this paper, all 
manifolds will be real analytic. 

Geometry. Let X be a real analytic manifold. We denote by it : T*X — > X 
the cotangent bundle to X and we identify X with the zero section of T*X. 
Let M be a submanifold of X. We denote by TmX (resp. T^X) the normal 
bundle (resp. the conormal bundle) to M in 1. 

Given a subset A of T*X, we denote by A a the image of A by the 
antipodal map 

a : h-> (x; -£)■ 

The closure of A is denoted by A. If A is a locally closed subset of T*X, we 
say that A is R + -conic (or simply "conic" for short) if it is locally invariant 
under the action of K + . 

For a cone 7 C TX, the polar cone 7 to 7 is the convex cone in T*X 
defined by 

7 = {{x;g) £ T*X;x G ^(7) and (v,g) > for any (x;v) G 7}. 
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When X is an open subset of R n and 7 is a closed convex cone (with 
vertex at 0) in R n , we denote by X-y the open set X endowed with the in- 
duced 7-topology of R n and by 7 the natural continuous map from X to 
X-y (see [3]). In this paper, all closed convex cones in R™ will be subanalytic. 

Sheaves. Let X be a real analytic manifold and k be a field. We denote 
by Mod(kx) the abelian category of sheaves of k- vector spaces on X and 
by D 6 (kx) its bounded derived category. We denote by ModiR-c(kx) the 
abelian category of R-constructible sheaves of k-vector spaces on X and 
by Z)^_ c (kx) the full subcategory of D b (\Lx) consisting of objects with R- 
constructible cohomology. Recall that the natural functor 

D 6 (Mod R _ c (k x )) - D b R _ c (k x ), 

is an equivalence of categories (see [Q). We denote by Modj|_ c (kx) the full 
abelian subcategory of ModR_ c (kx) of R-constructible sheaves with com- 
pact support. 

For an object F £ D b (kx), one denotes by SS(F) its micro support, a 
closed R + -conic involutive subset of T*X. We refer |3] for details. 

Ind-sheaves. Let X be a real analytic manifold. One denotes by I(kx) the 
abelian category of ind-sheaves on X, that is, Ind(Mod c (kx)), the category 
of ind-objects of the category Mod c (kx) of sheaves with compact support 
on X. 

Recall the natural faithful exact functor 

ix ■ Mod(k x ) I(k x ) 

F ^ "hm"F[/ (U open). 

uccx 

Thanks to ix we identify Mod(kx) with a full abelian subcategory of I(kx) 
and D b {h.x) with a full subcategory of D fc (I(k j jf )). 
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The functor ix admits an exact left adjoint 

a x : I(k x ) Mod(k x ) 
F= "lim"Fj i-» limFj. 

This functor also admits an exact fully faithful left adjoint 0x '■ Mod(kx) — ► 
I(kx), which is not so easy to describe. However, when Z = U f~l S, with U 
open and S closed subsets of X, one has {3x(kz) — "lim" ky n pp, where 

SCW,VCC(7 

(resp. V) runs through the family of open neighborhoods of Z (resp. 
relatively compact open subsets of U). 

We denote by J the functor J : D b (l(k x )) -» Ind(D 6 (Mod c (k x ))) de- 
fined by: 

J(F)(G)=Hom^ Wkx)) (G,F), 
for every F G D 6 (I(k x )) and G € £> 6 (k x ). 

Sheaves on the subanalytic site. We denote by Op(X sa ) the cate- 
gory of open subanalytic subsets of X. One endows this category with a 
Grothendieck topology by deciding that a family {Ui}i in Op(X sa ) is a co- 
vering of U G Op(X sa ) if, for any compact subset K of X, there exists a 
finite subfamily which covers U PI K. One denotes by X sa the site defined 
by this topology and, for U € Op(X sa ), we denote by U sa the category 
Op(X sa ) n U with the topology induced by X sa . We have an equivalence of 
categories Mod(kx sa ) — > Mod(kxj a ), where Mod(kxj a ) notes the category 
of sheaves on the site 0~p c (X sa ), consisting of relatively compact subanalytic 
open subsets of X, with the topology induced by X sa . 

The category of sheaves on X sa is denoted by Mod(kx 3H )- Recall that 
Mod(kx sa ) is a Grothendieck category and, in particular, it has enough 
injective objects. 

Let p : X — > X sa be the natural morphism of sites. We have functors 

Mod(k x ) ^ Mod(k Xs J, 

p- 1 
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and we still note by /?* the restriction of to Mod]g_ c (kx) and to Modjjj_ c (kx). 

Let IR — c(kjf) denote the category Ind(Mod|_ c (kx))- We may extend 
the functor : Mod|_ c (kx) — > Mod(kx sa ) to IE — c(kx), by setting: 

A: IR-c(kx) -» Mod(kx„) 
"lim"Fi ^ limp*Fi, 

i i 

and it is proved in [3] that A is an equivalence of abelian categories. Most 
of the time, thanks to A, we identify IM — c(kx) with Mod(kx sa ). 

On the other hand, the natural functor Modjjj_ c (kx) — > Mod(kx) gives 
rise to a functor Z : IR — c(kx) — * I(kx), which induces an equivalence of 
triangulated categories: 

1 : D b (lR - c(k x )) - AV-c(I(kx)), (1) 

where Dj R __ c (I(kx)) denotes the full subcategory of -D fe (I(kx)) consisting of 
objects with cohomology in IR — c(kx)- 

Since the functor A induces an equivalence from Z? b (IR — c(kx)) to the 
bounded derived category D b (kx sa ) of Mod(kx sa ), it gives rise to an equi- 
valence still denoted by X : D{k Xsa ) -> D^ R _ c (I(k x )) ■ We refer and 
for a detailed study. 

3 Functorial properties of the microsupport and 
regularity for ind-sheaves 

The microsupport SS(F) of an ind-sheaf F was defined in [3J by several 
equivalent definitions which we don't recall here (see Lemma 4.1 of [3]). We 
start this section with a new equivalent definition, which will be usefull in 
the study of the functorial properties of this geometric object. 

Let 7 be a closed convex proper cone in R n and X C R n be an open 
subset. Denote by q\, q% : X X X — > X the first and second projections and 
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denote by s : X x X — > X the map (x, y) *—>x — y. For an open subset 
W C X, we define the functor $ 7;W : £> b (I(k x )) -> D b (l(k x )) by setting: 

We shall write 3> 7 instead of 3> 7 ,x- 

Let us denote by j the embedding s _1 (7) ^ X x X and set qi = q%o j, 
for t = 1,2. Note that $ 7 (F) ~ RqxwlRjwj' 1 q^ X F) ~ Rq^^F, for all 
F e £> 6 (I(kx))- 

Lemma 3.1. Lei X 6e an open subset ofW 1 , p = (xq;£q) G T*X and F € 
F fe (I(k x )). T/ien p g 55(F) i/ and onZy i/ there exist F' G F fe (I(k x )), with 
compact support and isomorphic to F in an open neighborhood of xq, and a 
closed convex proper cone 7 in M. n , with £0 G Int(7°), such that Rq2*q\F' ~ 
0, in a neighborhood of Xq. 

Proof. Suppose p £ 55(F). By Lemma 4.1 of [4, there exists a conic 
open neighborhood U of p in T*X such that, for any G G L> fe (kx) with 
supp(G) CC ir(U) and 55(G) C U\JT%X, one has Hom D6(I(kx)) (G, F) = 0. 
Let W be a relatively compact open neighborhood of xq, 7 a closed convex 
proper cone such that £0 € Int(7°), VF x 7 C U U T£X and choose 7°- 
open sets C Oi, with f2i\f2o CC W and xo G Int(f2i\f&o)- Let I be a 
small and filtrant category and I — ► F fe (kx);« 1— > Fj a functor such that 
J(F) ~ "lim "J(F). 

For each j G /, set Hj = Rq2*q\RTQ 1 \Q (Fj)®\s.w and Gj = Rqi\q^ 1 Hj<S> 
kni\n - By Corollary 6.4.5 and Proposition 5.2.3 of [3], one has SS(Gj) C 
fil\Oo x 7 , for all j G I. Then, for each j G /, we get, by assumption and 
the adjunction formulas: 

= Hom Db(I(kjf)) (G i ,F) ~ limHom D 6( kjf ) (Gj, Fj) ~ 
~ limHom b (kx) (i^, i?g 2 *§i^r ni \n (F))- 

iei 
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It follows that, for each j G I, there exists j — > i such that: 

fl^fi^rn^no^Olw ^92*9i-Rrn 1 \n (- F i)[w, 
is the zero morphism. Since, for all k G Z: 

H k (Rq 2 ^iRIhom(k ni \ nQ ,F)) ~ Wtf^i^lffn^n,, (*!)), 

we get the desired result by taking F' = i?T/iom(kQ 1 \Q , F). 

Coversely, let W be an open neighborhood of xo such that F\w ~ F'|w 
and (i?§2*gi-P')k ^ 0. For each G G £> 6 (k x ), with supp(G) CC W and 
55(G) C W x f, one has G ~ Rquq^Gw, by Proposition 5.2.3 of 0. 
Hence: 

Hom 1)f)(I(kx)) (G,F / ) ~ Ham D bQfr x ))(B$i.iqZ 1 G w ,F') ~ 

~ Hom £ ,6 (I(kx)) (G H /,Fg 2 *giF / ) ~ 0. 
This implies that p ^ 55(F), by Lemma 4.1 of [1]. q.e.d. 

Let X and Y be two real manifolds. Let us now denote by q\ and q 2 the 
first and second projection defined on X x Y. 

Let F G L> b (I(k x )) and G G L> b (I(ky)). One sets 

FMG = q^FQq^G, 

and call this ind-sheaf the external tensor product of F and G. 

Proposition 3.2. Lei F G D b (I(k x )) and G G D 6 (I(ky)). Then: 

55(F MG) = 55(F) x 55(G). 

Proof. We may assume X and Y are vector spaces. Let (p,p f ) £ 55(F) x 
55(G), with p = (xo;£o) and p' = (yoS^o)- Assume, for example, that 
p £ 55(F). Let 7', e > and W satisfying the condition (4a) in Lemma 
4.1 of 4 for the ind-sheaf F. Set 7 = V x {0} and let IY' be a relatively 
compact open neighborhood of yo. 
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Let s : (X x Y) x (X x Y) — > X x F be the map (x,y,x',y') i-> (x — 
x',y—y'), j the embedding s _1 (7) ^IxF and let §i, §2 : 5-1 (7) 
denote the first and second projections. One has: 

~ Rqi\\{q2~ l qi l {F w )®q 2 - 1 q2 1 {G w ,)) ~ 
~ i^HCffi"^ 1 ^) ® ffi" 1 ^ 1 ^')) - 

since c^" 1 commutes with ®, 52 q~2 = 92 Qi and applying Proposition 
5.2.7 of 0. Let now t denote the map X x X — > X;(x,x') 1— ► x — x', 
pijP2 : * (V) — * -X" denote the first and second projections and let k : 
s~ x (7) — > i (7') be the map (x,y,x' ,y') 1— » (x,x'). Then: 

where the first isomorphism follows from the equality q\ oq 2 = p 2 o k and 
the second from Proposition 5.2.9 of ;3 a . Since i?pii!P2 -1 (-FV) — 3v(-^V)> 
we obtain: 

^.[vxr^ B G) ~ ($ 7 (F W El G r )) WxW , ~ 

~ H GW' k $j',w(F) B GV' ~ 0, 

which implies (xo, yo; £o> %) ^ SS(F M G), by Lemma 4.1 of 0]. 

Conversely, let (p,p') G 55(F) x 55(G). By Lemma 4.1 of gj, we 
may find a small and filtrant category I, integers a < b and a functor 

7 _^ C^(Mod(k x ));i i-» F, such that J(F) ~ "lim"J(F;) and, for all 

iei 

conic open neighborhood U of p in T*X, there exists i G I such that every 
morphism i — > i' in / induces a non-zero morphism — > ify in L> fe (kx; ?/)• 
Similarly, we may find a small and filtrant category J, integers a < b and a 
functor J -» G[ a ' b ](Mod(k y ));j h-» Gj, such that J(G) ~ "lim" J(Gj) and, 
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for all conic open neighborhood V of p' in T*Y, there exists j £ J such 
that every morphism j — ► j' in J induces a non-zero morphism Gj — ► Gy in 

D 6 (ky;y). 

Then J(FMG) ~ "lim" J(Fi^Gj) and every morphism (i,j) -> (i',/) in 

I x J 1 induces a non-zero morphism F E3 Gj — ► ify IE1 Gj' in D (kx x y ; U X V) . 
Since U x V forms a neighborhood system of (p,p'), we may conclude that 
(p,p') e SS(FMG). q.e.d. 

Let / be a morphism from Y to X. We denote by fa and /„- the canonical 
morphisms ( fd was noted by */' in 5 ): 

f d :Y x x T*X -» T*Y and U:Y x x T*X -» T*X. 

Proposition 3.3. Lei M be a closed submanifold of X and let j denote the 
embedding M ^ X. Let G G F/(I(k M )). T/ien, 

SS(Rj,G)=jJa 1 (SS(G)). 

Proof. Let d denote the codimension of M. We may assume X = M. n and 
M = {0} x R n_rf . Let (x±, ...,x n ) be a system of coordinates on X, set 
x' = (x±, ...,Xd), x" = (xd+i, x n ) and let (x' , x"; £") be the associated 
coordinates on T*X. 

Let (xq, ^q'; £q, £q) ^ jTrj^ 1 (55(G)). We may assume x' = 0. Hence, 
( x O'£o) ^ SS(G) and we may find a closed convex proper cone 7 in M n ~ d , 
with £q ^ Int(7° a ), and an open neighborhood W of (0, x'q) in M such that, 
for all F € F 6 (k M ), with supp(F) CC f and SS{F) C W x 7 oa , one has 
Hom£>b/ T ( k n)(.F, G) = 0. Let V be an open neighborhood of (0, x'q) in X 
such that W = VDM. For each F E D 6 (kx) such that supp(F) CC V and 
55(F) C V x (R d x 7 oa ), one has, by Theorem 5.2.4 of 0: 

Hom r)fJ(I(kx)) (F,Fj;G) ~ Hom D (, (I(kM)) (j _1 F, G). 
x We denote by I x J the product of the categories I and J. See 6 . 
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Since supp(j _1 F) CC W and SS(j X F) C W x 7°°, it follows from the 
hypothesis that 

Hom Db(I(kx)) (F,i?j*G0 ~ 0. 

Conversely, let p = (xo;£o) ^ SS(Rj*G). We may assume xq G M. 
Take 7 and W satisfying the condition (4a) for the ind-sheaf Rj*G. By 
Proposition 5.2.9 of [3], we may prove that 

~ j _1 $ 7lH /(i?j*G) c± $ 7 nM,mw(G9- 
From this we get «;£(,') 55(G). 

Proposition 3.4. Let Y, X be real analytic manifolds, f : Y 
smooth morphism and F G D 6 (I(kx))- T/ien 

SS{f- 1 F) = f d f-\SS{F). 

Proof. We may assume Y = X x Z, f is the first projection and that Y, X 
and Z are vector spaces. Then, f~ 1 F ~ F IE1 and the desired equality 
follows from Proposition 13.21 q.e.d. 

Proposition 3.5. Let F G D b (I(k x )) and G G D b (I(k Y )). Then: 

SS{RIhom(q^ l G,q[F)) c 55(F) x 55(G) a . 

Proof. We may assume X and Y are vector spaces. Let p = (xo, yo; £o> %) ^ 
55(F) x 55(G) a . 

First assume (xo;£o) ^ 55(F). By Lemma 13.11 there exist a proper 
closed convex cone 7', with £ G Int(7 /0 ), and F' G F b (I(kx)) with compact 
support and isomorphic to F in a neighborhood of xo such that Rp2*Pi'F' ~ 
in a neighborhood of a?o, where t denotes the map X x X —* X; (x, x') 1— > 
x — x' and pi,P2 '■ i~ 1 (7 / ) — ► -X" denote the first and second projections. 

Set 7 := 7' x {0} and let W' be a relatively compact open neighborhood 
of t/Q. Denote by s : (X x Y) x (X x Y) — > X x Y the map (x,y,x',y') 1— > 
(x — x',y — y'), by j the embedding s _1 (7) <-> (X x Y) x (X x Y), by 



q.e.d. 
X be a 
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q~i,q~2 '■ s _1 (7) -*Ixy the first and second projections and let k denote 
the map (X x Y) x (X x Y) — > X x X; (x, y, x',y') i-> (x, x'). We shall prove 
that: 

Rq^^qx RXhom(q2 1 G\Y' , q[f') ~ 0, in a neighborhood of (xo,yo)- (^) 
By Propositions 5.3.8 and 5.2.3 of 3 , one has: 

Rq 2 ^qiKIhom(q 2 l G W i,q- l F') ~ R^RXhom{q\~ X q^G W i ,q\q\F') ~ 

~ Rq2*RXhom(qY~ l q2 X Gw>,q\'<iiF') ^ Rlhomfe 1 G W t , Rq 2 ^qi q[F') , 
and 

R<i2*qiq[F' ^ Rq2*{ko i)-piF' ~ q[Rp 2 *piF\ 

where the last isomorphism follows from Proposition 5.3.10 of [3]. By as- 
sumption, q[Rp2*PiF' ~ 0, in a neighborhood of (xo,yo), which entails 

Now assume (2/0;%) ^ SS(G). Take a cone 7', with 770 G Int(7°), and 
G" E -D fc (kx sa ) with compact support and isomorphic to G in a neighborhood 
of yo such that <&y(G") ~ in a neighborhood of yo- Set 7 := {0} x 7" 1 
and let W be a relatively compact open neighborhood of xq. Denote by 
s : (X x Y) x (X x Y) — > X x Y the map (x, y, x', y') 1— >• (x — x',y — y'), by j 
the embedding s _1 (7) ^(Ixy)x(XxY) and by gl, 52 : s _1 (7) ^ X xY 
the first and second projections. Let us prove that 

Rq 2i ,q\RIhom{q2 1 G',q[F w ) ~ 0, 

in a neighborhood of (xo,yo)- 

Let now k : (X x Y) x (X x Y) — > Y x y be the map (x, y, x', y') i-> (y', y), 
i denote the map y x Y — > Y; (y, y') 1— > y — y' and pi,P2 ■ t~ 1 (l') - * Y denote 
the first and second projections. By Propositions 5.3.8 and 5.3.5 of [3], one 
has: 

Rq2*qi RFhom(q2 l G',q\F w ) ~ Rq\^RXhom{q\~ x q^G' ,q\q\F w ) ~ 
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~ Rq2*KIhom(qi 1 q 2 1 G l \q2q\Fw) — RIhom(Rq2\\.qi 1 q 2 1 G' ,q[F w ), 
and by Proposition 5.2.9 of [3]: 

R&\\qi~ 1 % 1 G' - R&nXkoj)- 1 ^-^' ~ q^Rpiup^G' ~ g-^yCG^). 
The result follows. q.e.d. 

Recall that is possible to localize the category L> 6 (I(kx)) with respect to 
the microsupport as for classical sheaves. In fact, given V C T*X, one sets: 
D b (l(k x ;fl)) = D b (I(k x ))/D b v (I(k x )), where O = T*X\V and £^(I(k x )) 
is the full triangulated subcategory of D b (l(kx)) consisting of objects F 
such that SS(F) c V. 

We shall now prove the counterpart for ind-sheaves of the microlocal 
characterization of classical sheaves whose microsupport is contained in an 
involutive manifold. 

Let / : Y — > X be a morphism of manifolds. 

Proposition 3.6. Assume f is a closed embedding and identify Y with a 
submanifold of X . 

(i) Let G G D b (I(k Y )). Then Rf^G is regular along 7T _1 (F). 

(ii) Let F E D b (I(kx)) and assume F is regular along 7r _1 (y) at p G 
T*X. Then there exists G G D b (l(k Y )) such that F ~ Rf t G in D b (I(k x ;p)). 

Proof, (i) Consider a small and filtrant category / and a functor I — > 
CM(k y ) ; i 1 > Gi such that G ~ Q("lim"Gi). Since / is proper on the 

support of G one has, by Theorem 3.1 of [1] together with Proposition 2.3.2 
of 0, J {RUG) ~ "lim "J(RUGi) and, for each i G /, 

SS(RUGi)Gir- x (Y). 

It follows that i?/*G is regular along 7r _1 (y) at each p G T*X. 

(ii) The proof is an adaptation of the proof of Proposition 6.6.1 of [3]. 
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By hypothesis, there exist F' isomorphic to F in a neighborhood of 
7r(p), a conic open neighborhood U of p, a small and filtrant category / 

and a functor I -» L>[ a - 6 ](kx);i i-> F such that J(F') ~ "lim"J(F) and 

iei 

SS(Fi) nU C 7r _1 (y), for all i G I. We may assume from the beginning 
that J(F) ~ "lim" J(F). 

If p G T^X, then there exists an open neighborhood W of ir(p) such 
that 7r _1 (PF) C U and 

^i|w — (-^i)y|w? f° r an » € /. (3) 
One has the following distinguished triangle in D b (l(]s.x))- 
F ® k x \ Y -> F -> F ® ky 
with J(F (8) k x \ y ) ~ "lim" J((F) x \ y ), by Proposition 2.3.2 of [7j, and 

55((F) x \ y ) njr _1 (W) = 0, by ©, for each i G I. Hence, 55(F®k x \ y ) n 
7T — (W) = 0, by Lemma 4.1 of 4 . It follows that F ~ F (8) ky ~ Rj*j~ x F 
in D 6 (I(k x ;p)). 

Now assume p € TyX. We shall argue by induction on the codimension 
of Y and prove that there exist a conic open neighborhood U' C U of p, G G 
D 6 (I(k x )) such that F ~ G®ky in F> fe (I(k x ; 17')) and J ( G ) - "lim"J(G;), 

for some G{ G />(k x ) such that SS{Gi ® ky) n U' = 55(F) n £/', for all 
i g /. 

Let us first assume Y is a hypersurface. Let {x\, ■.-,x n ) be a system of 
local coordinates of X in a neighborhood of 7r(p) such that 

Y = {(x 1 , ...,x n )]Xi = 0}, 

and let (x\, ...,x n ;£\, ■■■,£ n ) denote the associated coordinates in T*X. Set 

x' = (x 2 , ...,x n ), x = (xi,x'), = (£ 2 , -,£n) ; £ = ^ ± = {(^li -j^n); 

±xi > 0} and denote by j± the open embeddings ± X. We may assume 
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p = (0; 1, 0, 0) and that U = W x Int7, where W is an open neighborhood 
of and 7 is the cone {(£i,£')>£i — f° r some 5 > 0. 

Let us consider the following distinguished triangle in _D 6 (I(kx)): 

Rlhom(k {xi > 0} ,F) -> F -> i2I/iom(k {:ri<0} , F) -±-> . (4) 

By Proposition 3.8 of ,4, we have 

J(i?J/ lO m(k {:cl<0} ,F)) ~ "lim" J(Rlhom(k {xi<oy , F 4 )) ~ 

i 

~ "hm"J(i?Wom(k {:Cl<0} ,F i )) ~ "lim"^^-! 1 ^)). 

Let us prove that [7 n SSiRj-JZ 1 Fj) = 0, for all i G J. 
By Theorem 6.3.1 of [Hj, 

55(i?i_*iZ 1 F i ) C 550- lir <)+ JV *( n ~)» for a11 * G J - 

Let i G / and assume that there exists (x ;£o) G l'n(S\S'(jI 1 F i )+iV*(fi-)). 
Let {(x n ;£ n )}„ (resp. {(y n ; be a sequence in SS(jZ 1 F i ) (resp. in 

iV*(Q-)), such that: 

■En ; 2/n ^ Xq j 
n 

l^n - VnWdnl ~* 0. 
V n 

Since £7 n SSijZ^Fi) C vr" 1 ^) n T*1T = 0, one has (x„;£ n ) £ U, for 
each n G N. On the other hand, since the sequence {x n } n converges to Xq, 
x n G tt({7), for n » 1, and hence, £n ^ Int7, for n » 1. Moreover, if the 
sequence {rj n }n converge to 0, then the sequence {(x n ;£n)}n will converge 
to (xo;Co) and we must have (x n ;^ n ) G U, for a sufficiently large n, which 
is a contradiction. Hence, after replacing the sequences by convenient sub- 
sequences, we may assume £ n ^ Int7, y n G dQ~ , rf n = and r\ n ^ < 0, for all 
n G N. From this we get that: 

£o,i = lim(^n,i + ^ Hm^l^l = <5|£q|, 
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which is a contradiction. It follows that SS(RT^ xl > y(Fi)) n U = SS(Fi) n 
U, for all i G I, and SS(R2hom(k {xi<0} , F)) fl J7 = 0. Moreover, F ~ 
i^om^^F) in D 6 (I(k x , £/)). 

Set G = i?X/iom(k{ ;El >o}, F). One has: 

J(G®k x \ y ) ~ "Um»J(i2i + ij+ 1 (i2r {xi >o } (Fi))) J 

and we may prove as above that C/ nS , S , (i?j + ij^ 1 (i?r{ :El >o}(i ? j))) = 0, for all 
i G 7, which entails ^(GOk^yJniJ = and S5(#r {a;i >o}(7i)<8>ky)nf7 = 
SS(Fi) n C/, for all i G 7. Moreover, F ~ G ® ky in 7> 6 (I(k x , [/)). 

Let us now assume that 1" is a submanifold of X of codimension m > 1 
and let (x±, ...,x n ) be a system of local coordinates of X in a neighbor- 
hood of ir(p) such that 1" = {(x\, ...,x n );xi = ... = x m = 0} and let 
(xi, x n ; £i, £ n ) denote the associated coordinates in T*X. We may 
assume p = (0; 1, 0, ...0). Let Y' be the submanifold of X: 

{(xi, ...,x„) G X;xi = ... = x m _i = 0}, 

and let us denote by i (resp. k) the embedding Y' ^ X (resp. Y 1"'). 

Since 7r _1 (y) C 7r _1 (!"'), by induction, there exist a conic open neigh- 
borhood U' CU of p, G G 77 6 (I(k x )) such that G®ky, ~ F in 7> b (I(k x ; [/')) 
and J(G) ~ "lim" J(Gi), for some d G 77 6 (k x ) with SS(G; ® ky/) n 17' = 

SS(Fi) n £/', for all i G /. Since 

SS(Gi <g> ky/) = SS^r^-Gi) = L^iSS^Gi)), 

we get, SS^Gi) n ^^(t/') C 7r _1 (y), for all i G 7, where t^-^C/') is a 
conic open neighborhood of p' = (0; 1, 0, 0) G T y y'. 

Since y is a hypersurface in Y', we may find a conic open neighborhood 

V C tdt-^l/') of p', H G 77 b (I(ky,)) in 7> b (I(ky/; V)) such that H ® ky ~ 
i^G and 7(77) ~ "lim" J(fli), for some 77 G 7> 6 (ky/) with 55(77 <g> ky) n 

V = SS^^G^DV, for all i G 7. We may assume V = (Vipy')* V2, for some 
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open neighborhood V\ (resp. V2) of in X (resp. of (1, ...,0) in M. n m+1 ). 
Set V = Vi X (R™- 1 xV 2 )cT*X. It follows by Proposition that 
i*#<g)ky ~ G(g)ky/. Moreover, 55'(t*lZ i ®ky)nF / = SSO^iT^ky))^' = 

i^q l {ss{Hi ® by) nv) = l 7T l- 1 (ss(l- 1 g 1 ) n v) = ssiu^Gi) nv' = 

SS(Gi (g) ky/) n V. The result follows. q.e.d. 

Proposition 3.7. Assume f is smooth and identify Y xx T*X with a sub- 
manifold ofT*Y. 

(i) Let F E D b (l(b x ))- Then f~ l F is regular along Y x x T*X. 

(ii) Let G E -D fc (I(ky)), p E Y x x T*X and assume G is regular along 
Y x x T*X at p. Then there exists F E D b (l(k x )) such that G ~ / _1 F in 
D b (l(k Y ;p)). 

Proof, (i) Consider a small and filtrant category / and a functor / — > 
C^(k x );i i-> Fi such that F ~ Q( "lim"Fj). Then, Theorem 3.2 of @j 

together with Proposition 2.3.2 [7] entails J{f~ l F) ~ "lim" J(/" 1 F i ) and 

iei 

one has 

SS(f- 1 F l ) CY x x T*X, for all i E /. 

It follows that f~ x F is regular along Y Xx T*X at each p E T*Y. 

(ii) The proof is an adaptation of Proposition 6.6.2 of [Sj. 

By the assumption, there exist G' isomorphic to G in a neighborhood 
of 7r(p), a conic open neighborhood U of p, a small and filtrant category / 
and a functor J -> DM(ky);i i-» G; such that J(G') ~ "lim "J(Gi) and 

55(Gi) nPc7x x T*X, for all i E /. Since J(G l ) ~ "lim" J((Gi)u), 

UCCY 

where ?7 runs through the family of relatively compact open subsets of Y, 
we may assume from the beginning that J(G) ~ "lim" J(Gj) and Gj has 

compact support, for all i E J. We may also assume that 7 = Z x I, that 
/ is the projection ZxI->I and that 1", Z, X are vector spaces. 

We shall prove, by induction on dimZ, that there exist a conic open 
neighborhood U' C U of p and F E £> b (I(k x )) such that /"^F ~ G 
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in D b (l(k Y ;U')) and J(F) ~ "lim" J(F$, for some F { G D b (k x ), with 

SSif^Fi) nU' = SS{Gi) n [/', for all i G I. 

Let us first suppose that dimZ = 1. We may assume Y = R n , X = R n_1 , 
P = (0;£o) and Co = (0, Co)- Denote by (71,52 : I' x 7 -t 7 the first and 
second projections and denote by s : Y x Y — > y the map (x, y) 1— > x — y. 

If Co = 0, there exists an open neighborhood W of such that ir~ 1 (W) C 
U. Let 7 be the closed cone R x {0} C R n and Qq C be two 7-open sets 
such that Qi\Qo CC W and G Int(fti\fio)- Set G' = G ® k Ql \ no and 

G- = G, ® k ni \ no , for all i G /. One has J(G') ~ "lim" J(G<) and, by 

iei 

assumption, SS(G' i ) C Y xx T*X, for all i G /. By the microlocal cut-off 
Lemma (Proposition 5.2.3 of 5 ), one has G^ ~ (j)^ 1 Rfi^G'j, for all i £ I. 
Let us consider the following distinguished triangle in Z) b (I(ky)): 

Rq VA {k s -i h) ® g^ X G') G' -> A/111 (X ® ■ ±i> > 

where if denotes the complex k s -i( 7 ) — > k s -i( ), with k s -i( ) in degree 0. 

Since gi is proper on the support of q^ G^, for all i E I, one has by 
Proposition 2.3.2 of [7]: 

J(i2fc!!(k s -i (7) Og^GO) "hm''J( J Rgi,(k s -i (7) ®g 2 - 1 G^)), 

i 

and 

J(Rq m (K ® q^G')) ~ "lim''J( J Rg 1! (^(g)5 2 - 1 G^)). 

i 

Moreover, l?gii(k s -i( 7 ) ® g 2 GQ ~ (f)~ l Rc^^G^ ~ G^, for all i E I, which 
entails Rqu(K <g> g 2 ~ 1 G^) ~ 0. On the other hand, by Theorem 5.2.9 of [3], 
one has: 

/fci!i(k._x (7) (8 g^G') ~ r l Rf u G'. 

Setting W' = Int(fii\f&o), we conclude that G\w> — f~ 1 Rfv.G'\w' and 
SStf^RfiGQnir-^W) =SS(G' i )nir- 1 (W) = SS{Gi) fMr^iW), for all 
i G /. 
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Now assume £o 7^ 0. Let e > and set H £ = {x G M n ; (x; £o) > — e}- Let 
7 be a proper closed convex cone in R n , with £o E Int(7° a ), and let TV be an 
open neighborhood of which is the intersection of H £ and a 7-open subset 
of R n , for some < e < 1, such that W x 7° a \{0} C U. Then, for all % € /: 

SS(Gi) n (W x 7 oa ) C y x x T*A. 

Set Gj = (p~ 1 R(py^(Gi ! H E ), for all i £ I. Arguing as M. Kashiwara 
and P. Schapira in the proof of Proposition 6.6.2 of [5], we may prove that 
SSiG'i) n (W x 7 oa ) c y x x T*X, for all i G /, which is equivalent, by 
Proposition 5.2.3 of 0, to SS(GJ) D tt" 1 (W) C Y x x T*X. 

Let us now set G' = i?gin(k s -i( 7 a) ® Q2 ® k# e )). Arguing as in the 
previous case (£ = 0) we may prove that there exist an open neighborhood 
W C W n .ff £ of and F e D b (I(k x )) such that G'\ w , ~ and 
J(F) ~ "lim"J(Fi), for some F t € £> 6 (k x ) with SS(f~ 1 Fi) fl 7r~ 1 (W) = 

SS(G' i ) ri7r (W), for all i S /. On the other hand, one has a distinguished 
triangle 

G' -> G <g> k He -> i?5in(^ ® g^Gir.) ±i ^, 

where .K" denotes the complex k s -i( 7 a) — > k s -i( ), with k s -i( ) in degree 0. 
Moreover, one has 

J(G') ~ "lim" J(G'J, 

J{R qi »{K®q^GH e )) ^ V J(Rq v .(K ® q^iGi)^)), 

and SS{Rq v {K <g> g^G;)^)) n ( y x Int(7° a )) = 0, for all iel.lt follows 
that G ~ f~ l F in D 6 (I(k y ; W x Int( 7 oa )) and SS{J~ X F^ D Tr" 1 ^') = 
SS(Gi) D 7r~' I '(W 7 ), for all t G /. 

Let us now suppose dimZ = m > 1. We may assume Z = R m , A = R d , 
P = (0;£o) an d Co = (0, £ )- Set A' = R x A and let /i (resp. g) denote the 
projection Y — > A'; (z',z",x) 1— > (z",x) (resp. A' — > A; (z",x) 1— > x). Since 
y xx T*A C y Xx< T*X', by induction, there exist an open neighborhood 
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U' C U of p and F G D b {I(k x >)) such that h~ l F ~ G in £> 6 (I(ky; J7')) 
and J(F) ~ "lim" J(F), for some fj G D b {k x ,) with SS^Fi) n L7 7 = 

SS(Gi)nU f , for all i G J. Since, for each i G /, SS^F^ = hdh' 1 (S S '(Ft)) , 
it follows that n Kh^iU') C X' x x T*X. 

By the case m = 1, we conclude that there exist an open neighborhood 
V C Kh^iU') of (0; 0, Co) G F*X' and If G £> b (I(k x )) such that g~ x H ~ F 
in D b (I(k X /;F)) and J(iT) ~ "lim" J(fli), for some G £> fe (k x ,) with 

SS{g- x Hi) nV = SS{Fi) n V, for all i G I. 

Set V" = {(z?,z",x;Z',t",ri) G T*Y; (z", x; rj) G V}. By Proposi- 
tion E31 one has f~ x H ~ /i^F in D 6 (I(ky, V')) and SS(f- l Hi) nV = 
ssC/rV 1 ^) n V = hah-^SSig^Hi) nv) = hah-^SSiFi) n V) = 
SS(h- % Fi) n V'. The result follows. q.e.d. 

3.1 Application to ©-modules 

Let X be a complex manifold and let M. be a coherent P-module. We 
denote by Char(M) the characteristic variety of A4, by the ind-sheaf 
of temperate holomorphic functions on X and we set for short: 

Sol\M) = R2hom MVx) ((3 x (M),O x ). 

It is proved in [IJ the equality 

SS(Sol\M)) = Char(M), 

and that Sol t {M) is regular if Ai is regular holonomic. We shall now prove 
the following: 

Proposition 3.8. If A4 is regular along an involutive vector subbundle V 
ofT*X, then Sol t (Ai) is regular along V. 

Proof. We may assume X = Z X Y, for some complex manifolds Z and Y, 
that / is the projection X — > Y and that V = X xy T*Y. By Lemma 3.6 
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of [S] we may also assume A4 = Vx^y- Then, by Lemma 7.4.8 of [3], one 
has: 

S0l\M) ~ f^Oy, 

and the result follows by Proposition 13.71 q.e.d. 
As another application we obtain a new proof of the following result of 

Theorem 3.9. Let V be an involutive vector subbundle ofT*X. Let M. be 
a coherent T>x -module regular along V and let F € D^_ c (Cx) ■ We have the 
estimate: 

SS(RHom Vx (M,thom(F,O x )) C V+SS{F) a . 

Proof. We may assume X = Z x Y , for some complex manifolds Z and Y, 
that / is the projection X — > Y and that V = X Xy T*Y . 
One has 

RHom Vx (M,thom(F,O x ) s RHom(F, Sol l (M)) ~ 

~ a x (Rlhom(F, SoP(M))). 

Arguing as in the proof of Proposition 13.81 it is enough to prove the 
estimate 

SS{Rlhom{F,f- l O Y )) C V+SS(F) a . 

Let us consider a filtrant inductive system G{ in D b (Mod c (kx)) such 
that J{O y ) ~ "lim" J(G l ). Then: 

J(RIhom(F, r x O Y )) ~ "lim" J(RXhom(F, 

i 

and 



SS{RThom{F, f~ x Oy)) c f| |J (55(F) a +S , 5'(/- 1 G i )) ! 

JC/j'GJ 

where J runs over the family of cofinal subcategories of I (see [I]). Since 

SS{f~ l Gj) C V, for all j € /, the desired estimate follows. q.e.d. 
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3.2 Microsupport for sheaves on the subanalytic site 

Let 7 be a closed convex proper cone in M. n and X C W 1 be an open 
subset. Denote by q\ , (72 : X x X — > X the first and second projections and 
denote by s : X x X — > X the map (x, y) 1— > x — y. For an open subanalytic 
subset W Clwe define the functor <£ 7i w in D 6 (kx sa ) by setting: 

$ 7)W 0F) = %!(p.Vi( 7 )n? r 1 Wn ?2 - 1 W 8 «2 lf ). 
and we write <I> 7 instead of &-y,x- 

Lemma 3.10. Ze£ X be an open subset ofR n and let F G D b (kx sa ). For 
every closed convex proper cone 7 in W 1 , one has 

* 7 (J(F))~J(* 7 (F)). 

Proof. Recall that, for any real analytic map / : X — > Y, the functor J 
commutes with the functors i?/n and Hence, given a closed convex 

proper cone 7 in R n , one has: 

$ 7 (X(F)) = iZgnK^-i^) ® gJ^F)) ~ ^ 1!! (J(k s -i (T) ® g^F)) ~ 

~ J(i?(7i!!(k s -i( 7 ) (8) q^F)) = I($y(F)). 

q.e.d. 

Let F € Z) 6 (kx sa ). The microsupport of F, denoted by SS(F), is the 
closed conic subset of T*X defined by the equality: 

SS(F) = SS(1(F)). 

Proposition 3.11. Assume X is an open subset ofM. n . Let F € D b (k.x sa ) 
and p € T*X, with p = (xq;£o). The conditions (i) — (iv) bellow are all 
equivalent. 

(i) There exists a conic open neighborhood U of p in T*X such that for 
any G € D^_ c (k x ), with supp(G) CC tt(U) and SS(G) CUU T X X, one 
has Hom D b ( kXg j (i?p*G, F) = 0. 
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(ii) There exist a closed convex proper cone 7 in W 1 , with £0 G Int(7°), 
and a relatively compact open subanalytic neighborhood W of xq, such that 
$ %W (F) ~ 0. 

(Hi) There exist F' G D b (kx sa ) with compact support, F 1 ~ F in an open 
subanalytic neighborhood of xq and a closed convex proper cone 7 as in (ii) 
such that $ 7 (i ?/ ) ~ in a neighborhood of xq. 

(iv) There exist F' G D b (kx sa ) with compact support such that F' ~ F 
in an open subanalytic neighborhood of xq and a closed convex proper cone 
7 as in (ii) such that Rq2*RT s -i ^(q[F') ~ in a neighborhood of xq. 

Proof. The proof of (i) ■<=?■ (iv) is analogous to the proof of Lemma 13.11 

(i) 43- (ii) follows by Lemma 4.1 of jl] together with Proposition 13.11 In 
fact, for each G G Dg_ c (kx) with compact support, we may choose G' G 
-D fe (Modjjj„ c (kx)) quasi-isomorphic to G. From the equivalence of categories 

D b (k Xsa ) ~ D\m - c(k x )) AVc(I(kx)), 

and since D^ R _ c (I(kx)) is a full subcategory of D b (l(\mx)), one gets that: 

Ho %'(k Xsa )(%G,F) ~ Hom D6(kXsa) (p*G',F) ~ 

- Hom^ (m _ c(kx)) (p*G',F) ~ Hom D 5 8 c(I(kx)) (J(p*G !/ ),X(i ;1 )) ^ 
~ Hom D6(I(kjf)) (G',T(F)) ~ Ham D6(I(kjt)) (G, J(F)). 

(ii) => (ra) is obvious by taking i*V as .F'. 

(m) => (ii) follows by Lemma 4.1 of [I] together with Lemma 13. 1UI q.e.d. 

Corollary 3.12. Let F G D b (]tx sa ). The microsupport of F is the closed 
conic subset ofT*X complementary of the set of points p G T*X such that 
one of the equivalent conditions of Proposition \S.11\ is satisfied. 

Proof. It is a consequence of Lemma 4.1 of 0] and Proposition 13. 1 ll q.e.d. 

Proposition 3.13. (i) For F G D b (k Xsa ), one has SS(F)nT x X = supp(F). 
(ii) Let F G D b (k Xaa ), then SS(p^F) C SS(F). 
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(Hi) Let F G D b {k x ), then 55(F) C SS(Rp*F). 

(iv) Let F\ — > F2 — > F3 — — > be a distinguished triangle in D b (kx sa )- 
Then for i, j, k G {1,2,3}, 

55(F) C SSiFj) U SS(F k ), for j ± k. 

Proof, (i) is a consequence of Proposition 4.3 of 4 . 

(ii) One has p" 1 ~ a o F and by Proposition 4.3 of [1]: 

55(/F 1 F) = SS(a(2(F)) c SS(I(F)) = SS(F). 

(iii) follows from (ra): 

55(F) = SSip^Rp.F) c SS(Rp*F). 

(iv) follows from Proposition 4.3 of [I], q.e.d. 
Proposition 3.14. Let F G D b (k Xsa ) and G G D b (k Yaa ). Then: 

SS(F MG) = 55(F) x SS(G). 

Proof. Since 2(F M G) ~ 1(F) El J(G), it follows by Proposition E21 In 
fact, one has: 

SS(F mG) = SS(1(F M G)) = SS(X(F)) x SS(1(G)) = 55(F) x 55(G). 

q.e.d. 

Proposition 3.15. Let M be a closed submanifold of X and let j denote 
the closed embedding M <^-> X. Let G G F/(kM sa )- Then, 

SS(Rj*G)=j 7T j d 1 (SS(G)). 

Proof. Since ~ Rj\\ and F commutes with Rj\\, the result follows by 
Proposition 13.31 q.e.d. 
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Proposition 3.16. Let Y, X be real analytic manifolds, f:Y^X be a 
smooth morphism and F G D b (kx sa )- Then 

SS(f- 1 F) = f d f- 1 (SS(F). 

Proof. It follows by Proposition 13.141 q.e.d. 

Proposition 3.17. Let F € D b (k Xsa ) and G £ D b (k Y3a ). Then: 

SSiRHomiq^G^F)) C SS(F) x SS{G) a . 

Proof. The proof is an adaptation of the proof of Proposition 13.51 using 
Propositions 5.4.6, 5.4.7, 5.4.5 and 5.2.9 of ;9 instead of Propositions 5.3.8, 
5.3.10, 5.3.5 and 5.2.9 of respectively. q.e.d. 
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